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Abst rac t - -  In this paper, we consider the general nonlinear variational inequality introduced in the 
paper [1], which extends everal variational problems in the literature arising from mechanics, physics, 
and engineering. Some new existence results are established in the setting of real reflexive Banach 
spaces for the case where the main operator satisfies a condition which generalizes the (S)~_ condition 
introduced in [2] by Isac and Gowda. 
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1. INTRODUCTION 
Let B be a real Banach space with topological dual B*, and let (f, x) be the pairing between 
f E B* and x E B. Let K be a nonemptyc losed convex subset o rB ,  and let A : B --~ B*, 
g : B -4 B, a : B × B ---* R,  and b : B × B --~ R be four operators. Then the general nonlinear 
variational inequality problem studied by Ding and Tarafdar in [1] is to find ~ E K such that  
(A (~) ,g (~) -g (y ) )<_a(~,y -2~)+b(2c ,  y ) -b (~, :~) ,  for all y E K. (1) 
It is well known in the literature that  problem (1) (which extends the classical variational inequal- 
ity problem introduced by Hartman and Stampacchia in their seminal paper [3]) can characterize 
a wide class of problems arising in mechanics, physics, engineering, control and optimization, 
network equilibrium, and so on. In particular, when g(x) = x for all x E B, problem (1) reduces 
to the variational inequality 
(A (~), ~ - y) < a (&, y - ~) + b (~, y) - b (~, ~), for all y E K, (2) 
which can characterize unilateral problems with nonconvex potential, fluid flow through porous 
media, and contact problems with friction in elastostatics (for more details, see [1,4,5] and the 
references therein). 
The variational inequality (2) has been studied in [4-6] in the setting of Hilbert spaces. The 
existence results obtained in the latter papers have been extended to the variational inequal- 
ity (1) by Ding and Tarafdar [1], in the more general setting of reflexive Banach spaces (see [1, 
Theorem 3.2]). In particular, the following assumptions were made in [1] on the functions a and b: 
(1) b is linear in the first argument; 
(2) for each x (=_ B, b(x,. ) is a convex functional; 
(3) there exists/~ > 0 such that  b(x,y) <_/~IixiiBilyliB, for all x,y E B; 
(4) for each x ,y ,z  E B, one has b(x,y) - b(x,z) <_ b(x,y - z); 
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(I) a is a continuous function which is linear in both arguments; 
(II) there exists a > 0 such that a(x,x) > al{xi{~ for all x E B; 
(III) there exists ~/> 0 such that a(x,y) < ~/IIxlIBIIYIIB for all x,y E B. 
Moreover, in [4-6] and in Theorem 3.2 of [1], the operator A was assumed to be Lipschitz 
continuous, while in Theorem 3.1 of [1], it was shown that the Lipschitz continuity of A can be 
replaced by continuity if one assumes a monotonity condition on A. 
Now, let us introduce the following definition. 
DEFINITION 1.1. Let B be a Banach space, K C_ B a closed convex set, A : K --, B* and 
g : K --* B two operators. We say that A satisfies condition (S)l+ with respect to g if for each 
sequence (xn) in K such that (xn) is weakly convergent to x, (A(xn) ) is weakly-star convergent 
to f E B*, and lim supn_.oo (A(x,), g(xn)) < (f, g(x)), one has that (x=) has a subsequence norm 
converging to x. 
When g is the identity mapping, Definition 1.1 above gives back the definition of operator 
of class (S)~. introduced by Isac and Gowda [2, Definition 2], which, in turn, extends (see [2, 
Proposition 5]) the notion of operator of class (S)+ introduced by Browder [2, Definition 3]. In 
the paper [2], many examples of operators atisfying condition (S)~_ are provided. For instance, 
it is shown that if B is locally uniformly convex and B* is strictly convex (for instance, if 
B = L v, 1 < p < co), then each duality mapping on B assoeiated to a weight ¢ satisfies 
condition (S)~_ (see [2, Proposition 3]). Also, each strongly p-monotone mapping A : B -* B* 
satisfies condition (S)~ [2, Proposition 4]. We also recall that under suitable concrete assumptions 
a function A of a Sobolev space W~'V(l'~) into the conjugate space W-m,v'(12) (p' = p / (p -  1)) 
obtained from an elliptic operator in generalized divergence form is of class (S)+, hence, satisfies 
condition (S)~_ (see [2] for more details). 
Our goal in this paper is to study the generalized nonlinear variational inequality (1) for the 
case where A satisfies condition (S)~_ with respect o g in the setting of real reflexive Banach 
spaces. We shall prove some existence results which are quite different from the ones obtained 
in [1]. In particular, we shall make the following assumptions on the functions a and b: 
(1)' for each x E K, b(x,. ) is a convex function; 
(2)' for each y E K, b(., y) is weakly upper semicontinuous; 
(3)' the function x ---, b(x, x) is weakly lower semicontinuous on K; 
(I)' a is jointly weakly upper semicontinuous on K x B; 
(II)' for each fixed x E K, a(x,. ) is a convex functional and a(x, OB) = O. 
Moreover, as regards the continuity assumptions on A, we shall only require the continuity 
from the norm topology of K to the weak topology of B*. 
We point out that for the special case a(x, y) - 0, problem (1) was studied in [7], and some nice 
results, quite similar to ours, were obtained, allowing also A to be set-valued. With respect o 
our results, we note that in [7], a stronger continuity assumption (that is, weak-weak continuity) 
was required on A. On the other hand, A was not assumed to satisfy condition (S)~_, and also 
the general setting of locally convex Hausdorff topological vector spaces was considered. 
When a(x, y) =_ 0 and b(x, y) =_ O, problem (1) was studied by Yao [8] in the setting of Banach 
spaces. 
2. RESULTS 
W S In the sequel, we shall write (un)--,u and (un)--*u to denote weak convergence and strong 
convergence, respectively. Also, we shall say that A and g have O-diagonally concave relation 
(see [1]) on K if the function h : K× K --* R defined by h(x, y) = (A(x), g(x) -g(y) )  is 0-diagonally 
concave in y. That is, if for each finite set {Yl , . . .  , yp}  C K, and each y* = ~-~i=lP Aiyi (A ie  [0, 1], 
P A ~-~i=1 ~ 1), one has n = ~i=l  Ai h(y*, Yi) < O. 
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Our main result is the following. 
THEOREM 2.1. Let B be a real reflexive Banach space, K a nonempty, convex, and weakly 
compact subset o[B .  Let A : K --* B*, g : K --* B, a : K x B --* R, and b : K x K --* R be four 
operators. Assume that b and a satisfy conditions (1)'-(3)' and (I)~,(II) ', respectively. Moreover, 
assume that: 
(i) A is continuous from the norm topology of K to the weak topology of B*. 
(ii) A satisfies condition (S)1+ with respect o g; 
(iii) A(K)  is bounded, 
(iv) A and g have O-diagonally concave relation on K;  
(v) g is continuous from the norm topology of K to the norm topology of B. 
Then there exists :~ E K which solves problem (1). 
PROOF. Let M > 0 be such that ]IA(x)IIB. ~_ M for all x E K, and let ~- be the family of all 
finite-dimensional linear subspaces of B meeting K. Fix S E ~', and let Ks  = K N S. Consider 
the function ¢ : K.v x Ks  -~ R defined by putting 
q)(x, y) = (A(x),  g(x) - g(y)) - a(x, y - x) - b(x, y) + b(x, x). 
Observe that for each fixed y E Ks ,  the function x --* (A(x),  g(x) - g(y)) is continuous on Ks.  
In fact, let (u~) be a sequence in Ks converging to u* E Ks  (of course, the weak topology and 
w , the norm topology coincide on Ks) .  By assumptions (i) and (v), we have that (A(u~)) - -~A(u) ,  
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we have 
[(A (u~) , g (u~) - g(y)) - (A (u*) , g (u*) - g(y))[ 
< [ (A(un) ,g (u~) -g (u* ) )  I + l (A(u~) -A(u* ) ,g (u* )  -g (Y )} l  
< i lig (u~) - g (u*)liB + [(A (u~) - A (u*), g (u*) - g(Y))l -~ O, 
as desired. Consequently, taking into account assumptions (I)', (2) t, and (3)', we have that 
for each fixed y ~ Ks,  the function x --* ¢(x, y) is lower semicontinuous on Ks. Now, let 
( z l , . . . ,Zp}  be a finite subset of Ks. Choose ,kl,. . . ,Ap E [0, 1], with ~-]~i=lP Ai = 1, and let 
P w = ~i=1 ~kizi E Ks.  We claim that minl<i<p ¢(w, zi) < 0. Arguing by contradiction, assume 
that ¢(w, zi) > 0, for all i = 1 . . . .  ,p. Therefore, we get 
P 
,~ ( (A(w), g(w) - g(zi)) - a (w, zi - w) - b (w, z~)) + b(w, w) > O. 
i= l  
By assumptions CII)' and (1)', we get 
P 
As (A(w),  g(w) - g (z~)) > a(w, O) + b(w, w) - b(w, w) = O, 
i=1 
against (iv). Therefore, we have minl<i<p ¢(w, zi) <_ 0, as claimed. Consequently, all the as- 
sumptions of Lemma 2.1 of [1] are satisfied. Thus, there exists xs  E Ks  such that 
(A (xs ) ,g (xs ) -g (y ) ) -a (xs ,y -xs ) -b (xs ,y )+b(xs ,xs )<_O,  for all y E Ks.  (3) 
For each S E 5 v, let 
f ls  = {(xy ,A(xv) )  : V E jz, S c V} c K x A(K) .  
It is immediate to check that the family {f~s}se~= has the finite intersection property. 
K x A(K)  ~ is weakly compact in B × B*, it follows that 
SE~ c 
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Let (&,]) E Nse~-~s w c_ K x A(K)  w. We claim that ~ satisfies our conclusion. To prove our 
claim, choose y E K. Let 5 be the linear subspace of B spanned by {&, y}. Of course, S E 5 r. 
Since (&, ]) E ~-~w and the space B is reflexive, there exists a sequence in ~ weakly convergent 
to (2, ]) (see [9, p. 93]). That is, there is a sequence (Vn) in 5 v such that ((zv,~, A(xv.,)))--%(:~, .f) 
and 5 C_ Vn, for all n E N. From now on, we put xn -- xy,~. Since ~ E V~ for all n e N, by (3) 
we have that 
(A (xn) ,g (x ,~) -g (2)} -a (xn ,3c -xn) -b (xn ,~: )+b(xn ,xn)  "cO, for all n e N. 
Consequently, taking into account (I)', (II)', (2)', and (3)', we have 
lim sup (A (x~), g (xn)} = lim (A (xn),  g (&)} + lim sup (A (xn),  g (xn) - g (:~)} 
77. ---~ OO ?'I,---F O~ ?%- - - *00  
_< ( ] ,g  (&)} + limsup (a (xn ,&-  xn) + b(x ,~,~) -b (xn ,xn) )  
~'~ -"~ 00  
Since A satisfies condition (S) 1 with respect to g, the last inequality implies that the se- 
quence (x,~) has a subsequence, say (xnk), norm converging to 2. By (i) and (v), we have 
8 ^ A(2) = ] and (g(vk))---*g(x). For each k E N, let Vk = xnk. Since y e K A V,~k, for all k E N, 
by (3) we have that 
(A (vk),  g (Vk) -- g(y)} <_ a (vk, y -- vk) + b (vk, y) -- b (Vk, Vk), for all k e N. (4) 
Now, observe that 
= lim (A (vk) ,g (vk) - -g (&) )+ lim (A (vk) ,g (&) - -g (y )}  lim sup (A (vk),  g (Vk) -- g(y)) k--.co k~oo 
k- - - *oo  
= (A (~), g (:~) - g(y)}. 
Therefore, by (4) and assumptions (I)', (2)' and (3)', we get 
(A (]z) , g (2) - g(y)) <_ lira sup (a (Vk, y -- vk) + b (Vk, y) -- b (Vk, vk)) 
k --.-* oo  
<_ a(z~,y - 3:) + b(:~,y) - b(~,3:), 
as desired. The proof is complete. | 
Before going on, we briefly discuss the applicability of Theorem 2.1. To this aim, consider the 
case where the function g : B ~ B is the identity mapping (this is a case of great importance 
since, as discussed in Section 1, the variational inequality (2) can characterize many problems 
arising from the study of practical situations). In this occurrence, assumption (iv) of Theorem 2.1 
is automatically satisfied. Moreover, if the set K is strongly compact, any operator A : K --* B* 
satisfies condition (S)~. Therefore, in this situation, (g is the identity mapping and K is strongly 
compact), any operator A which is continuous from the norm topology of K to the weak topology 
of B* satisfies the assumptions ofTheorem 2.1 (of course, assumption (iii) is satisfied since A(K)  is 
weakly compact). This very general continuity assumption on the operator A is weaker than 
the corresponding continuity assumptions in the literature (Lipschitz continuity, strong-strong 
continuity, weak-weak continuity [1,4-7]). 
For the case where K is only weakly (not strongly) compact and g is the identity mapping, a 
lot of examples of (S)~_ operators are considered in the literature (see Section 1). Even for such 
class of functions, Theorem 2.1 only requires trong-weak continuity, besides the boundedness of
the range A(K) .  
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Now we consider the case where K is unbounded. In this occurrence, from Theorem 2.1 we can 
obtain the following result (in the sequel, we shall say that the operator A : K -~ B* is bounded 
if A(E)  is bounded for each bounded set E C B). 
THEOREM 2.2. Let B be a real reflexive Banach space, K a nonempty  closed and convex subset 
of  B. Let A : K ---* B*, g : K - - *  B,  a : K x B --* R ,  and b : K x K - -~ R be four operators. 
Assume that b and a satisfy conditions (1)'-(3) ~ and (I)',(II) ~, respectively. Moreover, assume 
that: 
(i) A is continuous from the norm topology of  K to the weak topology of  B*; 
(ii) A satisfies condition (S) 1 with respect to g; 
(iii) A is bounded; 
(iv) A and g have O-diagonally concave relation on K;  
(v) g is continuous from the norm topology of  K to the norm topology of  B. 
Finally, assume that there exists a nonempty  closed convex and bounded set D C_ K such that 
the following condition is satisfied: 
(vi) for each x E K \ D, there exists y E D such that 
(A(x) ,  g(x)  - g(y))  > a(x,  y - x) + b(x, y) - b(x, x).  
Then the same conclusion of  Theorem 2.1 holds. 
PROOF. Let L > 0 be such that ]]XlIB < L, for all x E D, and let (rn) be an increasing 
sequence of positive real numbers such that  rl > L and limn--.oo rn ~- +(x). For each n E N, put 
Xn = K N {x E B : ]]xiIs < rn}. By Theorem 2.1, for each n E N, there exists x,~ E Xn such 
that  
(A (x~) ,g (xn) -g (y ) )<_a(xn ,  y -x~)+b(x ,~,y ) -b (x ,~,xn) ,  for all y E Xn. 
By assumption (vi), we have that  the whole sequence (xn) lies in D. By the Eberlein-Smulyan 
theorem [9, p. 92], the sequence (xn) admits a subsequence, still denoted by (xn), weakly conver- 
gent to a point ~ E D. Moreover, by assumption (iii) and Eberlein-Smulyan theorem, without 
W ^ B~ = loss of generality, we can assume that  (A (xn) ) - * f  E By an analogous argument as in the 
proof of Theorem 2.1, the reader can check that k satisfies our conclusion. I 
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